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Abstract

A Bely̆ı map β : P1(C) → P1(C) is a rational function with at most three
critical values; we may assume these values are {0, 1, ∞}. Replacing P1

with an elliptic curve E : y2 = x3 +Ax+B, there is a similar definition
of a Bely̆ı map β : E(C) → P1(C). Since E(C) ≃ T2(R) is a torus, we
call (E, β) a Toroidal Bely̆ı pair.

There are many examples of Bely̆ı maps β : E(C) → P1(C) associated
to elliptic curves; several can be found online at LMFDB. Given such a
Toroidal Bely̆ı map of degree N , the inverse image G = β−1({0, 1, ∞}

)
is a set of N elements which contains the critical points of the Bely̆ı map.
In this project, we investigate when G is contained in E(C)tors.

This is work done as part of the Pomona Research in Mathematics Ex-
perience (NSA H98230-21-1-0015).

Elliptic Curves

• An elliptic curve, E, is a non-singular curve of genus one. In other words,
it is a curve generated by an equation f (x, y) = 0 where

f (x, y) = y2 + a1 x y + a3 y − (x3 + a2 x
2 + a4 x + a6)

and where all ai ∈ C with OE being the “point at infinity.”
• The set of complex points on an elliptic curve E(C) is a torus.

The Group Law on an Elliptic Curve

• There exists a binary operation ⊕ such that (E(C),⊕) forms a group
with OE as the identity. This operation is known as the group law on the
elliptic curve. Its construction is known as the chord-and-tangent method.

The
Chord-and-Tangent Construction

• An isogeny is a map ψ : E → X where E and X elliptic curves such that
ψ(P ⊕Q) = ψ(P ) ⊕ ψ(Q) for P,Q ∈ E(C).
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Figure 1:A Toroidal Bely̆ı Map
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Figure 2:An isogeny

Critical Points and Toroidal Bely̆ı Maps

Fix a rational function β : E(C) → P1(C) where P1(C) = C ∪ {∞}.

• P ∈ E(C) is a critical point if ∂f
∂x

(P ) ∂β
∂y

(P ) − ∂f

∂y
(P ) ∂β

∂x
(P ) = 0.

• q ∈ P1(C) is a critical value if q = β(P ) for some critical point P.
• Q ∈ E(C) is a quasi-critical point if β(Q) = β(P ) for critical point P.
• A Bely̆ı map is function β as above with ≤ 3 critical values, {0, 1,∞}.
• A Toroidal Bely̆ı pair is a pair (E, β), where E is an elliptic curve and β

is a Bely̆ı map associated to E.

Examples of Toroidal Bely̆ı Pairs (X,ϕ) with Quasi-Critical Points ϕ−1
(
{0, 1, ∞}

)
⊆ X(C)tors

LMFDB Label Elliptic Curve X Bely̆ı Map ϕ : X(C) → P1(C) Group Generated by ϕ−1({0, 1, ∞}
)

3T1-3_3_3-a y2 = x3 + 1 1 − y

2
Z3

4T1-4_4_2.2-a y2 = x3 − x x2 Z2 × Z2

4T5-4_4_3.1-a y2 = x3 + x2 + 16 x + 180 4 y + x2 + 56
108

Z8

5T4-5_5_3.1.1-a y2 + x y = x3 − 28x + 272 (x + 13) y + 3 x2 + 4 x + 220
432

Z2 × Z10

6T1-6_2.2.2_3.3-a y2 = x3 + 1 −x3 Z2 × Z6

6T4-3.3_3.3_3.3-a y2 = x3 − 15x + 22 8 (x− 2)2 − (x2 − 4x + 7) y
16 (x− 2)2

Z6

6T5-6_6_3.1.1.1-a y2 = x3 + 1 (1 − y) (3 + y)
4

Z2 × Z6

6T6-6_6_2.2.1.1-a y2 = x3 + 6 x− 7 (x− 1)3

27
Z2 × Z4

6T7-4.2_4.2_3.3-a y2 = x3 − 10731x + 408170 11907 (x− 49)
(x− 7)3

Z2 × Z4

6T12-5.1_5.1_3.3-b y2 + x y + y = x3 + x2 − 10x− 10 27 (x + 4) (2x2 − 2x− 13) − (x + 1)2 y
(x2 − x− 11)3

Z2 × Z8

6T12-5.1_5.1_5.1-a y2 = x3 + x2 + 4 x + 4 −16 (x2 − 2x− 4) y + 8 (x + 1)
(x− 4)x5 Z6

8T2-4.4_4.4_2.2.2.2-a y2 = x3 + x
(x + 1)4

8x (x2 + 1)
Z2 × Z4

8T7-8_8_2.2.1.1.1.1-a y2 = x3 − x x4 Z2 × Z4

Example #1: 4T1-4_4_2.2-a

Consider the Toroidal Bely̆ı pair (E, β) in terms of
E : y2 = x3 − x and β(x, y) = x2.

The quasi-critical points are torsion:
Point (0, 0) (1, 0) (−1, 0) OE
Order 2 2 2 1

These points form a group:
β−1({0, 1, ∞}

)
=
{

(0, 0), (1, 0), (−1, 0), OE
}

≃ Z2 × Z2.

Example #2: 4T5-4_4_3.1-a

Consider the Toroidal Bely̆ı pair (E, β) in terms of
E : y2 = x3 + x2 + 16x + 180 and β(x, y) = (4y + x2 + 56)/108.

The quasi-critical points are torsion:
Point (4,−18) (22,−108) (−2, 12) OE
Order 4 8 8 1

These points do not form a group.

Example #3: 5T5-5_4.1_4.1-a

Consider the Toroidal Bely̆ı pair (E, β) in terms of
E : y2 = x3 + 5x + 10 and β(x, y) = ((x− 5)y + 16)/32.

The quasi-critical points are not torsion:
Point (6,−16) (1, 4) (6, 16) (1,−4) OE
Order ∞ ∞ ∞ ∞ 1

These points do not form a group.

Motivating Questions

Given the following:
• (E, β), a Toroidal Bely̆ı pair.
• Γ = β−1({0, 1, ∞}

)
as the set of quasi-critical points.

We ask the questions:
1 When does Γ form a subgroup of

(
E(C),⊕

)
?

2 The elements in Γ must be points with finite order whenever Γ is a
group. When are the points in Γ torsion elements in E(C),
regardless of Γ being a group?

Theorem (PRiME 2021)
Given the following:
• (X,ϕ) a Toroidal Bely̆ı pair, and G = ϕ−1({0, 1, ∞}

)
as the set of

quasi-critical points.
• β = ϕ ◦ ψ, where ψ : E → X is any non-constant isogeny, and

Γ = β−1({0, 1, ∞}
)
.

We have the main results:
1 (E, β) is a Toroidal Bely̆ı pair.
2 Γ is contained in the torsion in E(C) whenever G is contained in the

torsion in X(C).
3 Γ is a group whenever G is group.

Corollary

There are infinitely many Toroidal Bely̆ı pairs where the set of quasi-
critical points forms a group.

Computing Examples

Start: Fetch the Toroidal Bely̆ı pair from LMFDB

Process: Compute the quasi-critical points

Decision: Are
the quasi-critical
points torsion?

Stop

Process: Compute the smallest group
generated by the quasi-critical points

Stop: record data to a file

no

yes

Results from Computation

Degree of
Bely̆ı Map

Total from
LMDFB

Total Number of
Successfully Processed

Number with Quasi-Critical
Points All Torsion

3 1 1 (100%) 1 (100%)
4 2 2 (100%) 2 (100%)
5 7 7 (100%) 1 (14%)
6 35 29 (83%) 7 (24%)
7 73 15 (21%) 0 (0%)
8 94 30 (32%) 2 (7%)
9 39 23 (59%) 0 (0%)

Totals 251 107 (43%) 13 (12%)

Future Work

• Modify the Sage code to run faster in order to get more examples.
• Find more examples of imprimitive Toroidal Bely̆ı maps with

quasi-critical points that form a group.
• Create an accessible website containing all the information on the data

found.
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